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Abstract

Objective/Aim: To demonstrate the existence and uniqueness of fixed points for self-maps
in b-metric spaces, we utilized a generalized @-weak contractive condition that incorporates cubic
terms of d(x, y), along with the weak compatibility of two mappings within the context of b-metric
spaces. Our findings include the proof of various fixed point theorems for a self-map, as well as
common, point theorems for two mappings, accompanied by appropriate examples to substantiate the
established results. The innovative aspect of our work lies in proving the existence of fixed points for
mappings that meet generalized @-weak contractive conditions with cubic terms of d(x, y) in b-metric
spaces, a result that has not been previously established by others. Furthermore, our results serve to
extend,discribe and generalize the findings of Dutta and Choudhury, Murthy and Prasad, Hao and
Guan, Jain and Kaur, Petru, sel, A. and Petru, sel, J., Peng et al., among others.Ues for other fixed
point theorem and improve with work.
Mathematics Subject Classification: 54H25,47H10.
Keywords: Fixed Point, b-Metric Space, a—Weak Contraction, Generalized u—Weak Contraction,
Weakly Compatible Mapping, Soft Set, Soft Fixed Point.

Introduction

Fixed point Theory is one of the most important and useful tool in many branches of
Science, Economics, Engineering and Computer Science, etc. The majority of applied
mathematics problems reduce to fixed point problems. The famous Banach contraction principle
proves the existence and uniqueness of fixed points for a contraction mapping in complete
metric space. It has been generalized by many researchers by finding fixed point of single map
or common fixed points of two or more mapping in various spaces satisfying various contractive
conditions which are either commuting or weakly commuting or compatible or weakly
compatible etc. In the development of various metric spaces, one of the significant

generalizations of metric space is b- metric space introduced by Bakhtin(Din 1989. Afterwards,

Czerwik(g)proved some fixed point theorems in b-metric spaces in1993.

Theorem1.1: “ Let (Z, d) be a complete metric space and S be a ¢ — contraction mapping on a Z . i. e
d(Sp ,Sq)< ¢ { d(p, q)} for all p, q € Z where @: [0,00 ) = [ 0,00 ) is an upper semi-continuous
function from right such that 0 < @ (t)< t for all t > 0. Then S has a unique fixed point.”

In 1997 Alber and Guerre-Delabriere introduced @ — weak contraction and proved the
following.

Theorem1.2: Let (Z, d) be a complete metric space and ¢ — weak contraction mapping on Z. i.e.,
d(Sp ,Sq)= d(p, q)
continuous function from right such that

- ¢ {d(p, q)} for all p,q € Z, where @: [0,00 ) = [[ 0, % ) is an upper semi-

@ (t) > 0 for all t > 0and @ (0) = 0 . Then S has a
unique fixed point.

Theorem 1.8 : Let (Z, d) be a complete metric and S be a self map of Z satistying the following condition:

[1+rd(p, q)] d2(Sp,Sq) <rmax {3 [d? (pSp) d(q,Sq) +d(p.Sp)d?(,5q),[d(pSp)d(p,Sq)

d(q,Sp)], d(p, Sq) d(q, Sp) d(q, Sq)}
Where

k(p.q) =
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max{d?(p, q), d(p, Sp)d(q, Sp), d(q,Sp)d(p,Sp), 3 [d(p, Sp)d(p,Sq) + d(q,Sp)d(q,5),]}

In the present paper, we generalize the above result in the setting of b-metric space and extend our result for a pair of weakly
compatible self mappings in b-metric space. We also obtain some suitable examples to justify the proven results. Our results

extend and generalize the results of Dutta and C}loudhury(13), Murthy and Prasad(lg), Hao and Guan(7), Jain and Kaur(S),
Petrusel, A. and Petrusel, J.(IO), Peng et. al.(11)etc.

Preliminaries:
We now give some known definitions and standard notations which will be needed in the sequel:

Definition2.1

Let a nonempty set Z and let s>1 be a given real number. A function d:ZXZ—[0,%) is said to be b-metric if the following
conditions hold good:

(1)d(g ,h) =o0ifand only if g = h.

(2) d(g ,h) = d(h, g).
(3)d(g ,h) < s[d( g ,r)+d(r,h)], forall g, hand r € Z.

Then (Z ,d ,s) is called a b-metric or metric type space.

Definition 2.2
“The b-metric space (Z, d, s) is called complete if every Cauchy sequence in z is convergent in Z.”

Definition 2.3

“Let (Z, d, s) be a b-metric space and S, T:Z—Z be two mappings. The mapping S and T are said to be weakly compatible if they
commute at their coincident points, i.e., TSp = STp whenever Sp = Tp.”

Main Results:
Theorem 3.1.
Let (Z, d, s) be a complete b-metric space and T be a self-map of Z satistying

C1 4 rd(p, )] 42 (Sp,SQ) < Imax {1 [d% (pSp) d(aSq) + d(pSp) d%(aSq) B 1 iy, Sp) d(p, Sq) d(a, Sp) +

"1+ d(q,Sp)
—LOSD 40, 50y d(q,5p) d(q,5q) } + m (p, q) — @{m(p, q)} (8-1.1)
1+d@Sasp WP ’ ’ ’ '
Where
k(p, (1) -
2 d? (q,Sp)
max{d?(p, @), d(p, SP)A(q, SP) ;g s
1 & (asp) __ @Sy
d(q,Sp)d(p,Sp), 5 [d(p,Sp)d(p,Sq), (1+ d(q'sp)) + d(q,Sp)d(q, Sq), (1+ d(p,Sp)(q,Sp))]}

r = 0 is a real number and ¢:[0,%0)— [0,%0) is a continuous function with ¢ (t) = 0 if and only if t = 0 and ¢ (t) > 0 for each t >
0. Then, T has a unique fixed point in Z.

Proof: Let pg be an arbitrary point in Z.We define a sequence {py}in Z ppy1= T py, n = 0. (8.1.2)

If ph= Pn+1, for some n, then, T has trivially a fixed point. Therefore we assume that

Pn# Pn+1 for all n€ N .For convenience

d(pn,pn+1) =d, (313>
First,we show that {d,} is a monotonically decreasing sequence, i.e,, dptq < dp.
Casel: Ifnis odd. Taken = 2m-1. We prove that d; < djp_1.
Now taking p = pam—1,9 = P2m 1n equality (3.1.1)
1
we have [1+ r d(Pam-1,P2m)] d*(P2m-1,5P2m) < g max > [d* (P2m-1, SPzm-1) d(P2m» SP2m) +

d2 (pZmrSpZm—l
"1+ d(P2m/SP2m-1)

1,d(P2m-1,5P2m) d(P2m>SP2m) d(P2m> SP2m) } + M(P2m-1, P2m) -

d(P2m-1,5P2m-1)d*(P2m-SP2m) J,[d(P2m-1,5P2m-1)d(P2m-1,5P2m) d(P2m-SP2m-1) +

d? (P2 m SP2m-1)
1+ d(P2m:SP2m-1)d(P2m-1.S P2m

@ [m(P2m-1, P2m)]
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Where
d*(P2m-1,P2m)> A(P2m—-1, SP2m—-1)d(P2m, SP2m-1)
d? (pams SP2m-
(M):d(pvaszm—1)d(p2m—1'5p2m—1)'

1+ d(P2m,SP2m-1)
r 42 (P2m:SP2m)
2s [d(P2m-1, SP2m-1)d(P2m-1, SP2m) (1+ d(pZm'SPZm))

d* (P2m-1,SP2m) ) }
1+ d(P2m-1,SP2m-1)d(P2m-1,5P2m)

K(p2m-1, P2m)= max

d(P2m; SP2m-1)d(P2ms SP2m) » (

Now using Inequality ( 3.1.2)
1
1+ r d(P2m-1, P2m)] d® (p2m, P2m+1) < E max  { B [d? (P2m-1 P2m) d(P2m> P2m+1) + d(P2m-1, P2m) d* (P2m, P2m+1)
d? (pZm’pZm) d? (P2m/P2m)
1+ d(PZmIPZm) 1+ d(pzm'sz)d(sz—psz

d(P2m> P2m+1) }+ M(P2m-1, P2m) - @ [M(P2m-1, P2m)_

Jo [ d(P2m-1,P2m) d(Pzm-1,P2m+1) d(P2m, P2m)+ 7,d(P2m-1, P2m+1) (P2m> P2m)

d? (P2m, P2m) )
1+ d(p2m, Pzm)

—

( d*(P2m+1,Pzm), d(P2m-1, P2m)d(P2m, P2m) (
,d(P2m) P2m) d(P2m-1, P2m),

k 1 = max d? (pam. )
(P2m-1, P2m) ZT_S [d(P2m-1,P2m) dP2m-1,P2m + 1 (ﬁ;;_) + d(Pzm, P2m+1)s

( d? (P2m-1P2m+1) )
1+ d(P2m-1,P2m) d(P2m-1,P2m+1)
1
[+ r dpm—q ] dipy < E max {7 [d3m-1 dom+ dom-1d3m , O, 0, O}+ m(dom—1,dom) - @ (dzm-1, dom)]
(3.1.4)
Where

k(P2m-1, P2m>) = maX{d%m—p d5y-1 dom dam O, i [d3m-1 d(P2m-1,Pzm+1), 0 ,0]}

k(P2m-1, P2m) :max{d%m—lt d3m-1 dzm dom O, ZLs [d3m-1 r(d3m—1 + d3m )0 '0]}
[By triangular inequality of b-metric space]

Ifd?2m_1 < dom

Then

m(p2m _ 1 P2m) < max { d3m 0,0, d%m} =d3y,

So Inequality ( 3.1.4) becomes

A2+ 1 A3y By < S max {5 [d3my By + dBiy d3m 7,00} + B — @(d3m) -
<rd3_, diy + ddn - (d3n) -

Which gives (p(d%m) < 0, a contraction .

Thus d3, < d3;,_1

Case 2 : If nis even, taking n = 2m and p = pp,

q = P2m+1 in Inequality (1) and proceeding as above we can easily obtain that d3 1 < A3
Therefore ,{d,} is a monotonically decreasing sequence of non-negative real numbers and convergent.
Let logp e dp=k for some k = 0 (3.1.5)

We assume that k = 0. Using Inequality (3.1.1), we have

1 ~
C1+ v d(Pn, Pnt )] 4% (SPn,SPns1) < = max ~[d? (Pn,SPn ) d(Pn+1,S Pn+1) + d(Pn,SPn )
S 2

2 d® (Pp, 1.5Py . d* (Pn+1,5Pn)
d (pn+17spn+1):1+ d(an,Spn)j’Ed(pn ,>Spn ,) d(pn,S pn+1)d(pn+1yspn ) it d(Pn+1,5Pn )d(Pn S Pni1)

d(pn+1rs pn+1) } + m(pn ) pn+1) - Em(pn > pn+1)]

Js d(Pn-SPn+1) d(Pn+1,5Pn)

1
[+ 1 d(Pn, Pos1 )T €% (Pasr Pre2) S ¢ max 5 [d® (pnpn+1) dpn+1s Pnve) + AP Pn+1) @2 (Pnt1s Pnte )

s
) d? (Pn+1 ,Pn+1)

d? (Pn+1.Pnt1
et Bost 5 [4(py, pry41) (P Picre) APt 1, P 1) +ygp e

"1+ d(Pn+1,Pn+1
d(pn, Pn+2) d(Pn+1> Pn+1) d(Pn+1, Pn+2) } + m(Pn,pn+1) - ¢ [m(pn,pn+1)J
This implies that
1
(1+rdy) dfyy < Emax {7 [df dny1 +dndRi1,07,00} +m (pnpn+1) - @ [m (Pn.pn+1)] (3.1.6)
Where
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( d*(pn, Pn 4 1), d(Pn, SPn)d(Pn 4 1.SPn) )
d* (Pn_ 1,5Pn)
(m) »d (pn 4 1,Spn)d(pn, Spn),
T d® (pp, 1,5Pn)
— [d(Pn, SP)d(Pn, Spn 4 1), (FraniPol d(pmspn)) +
d® (Pp.SPn 1) ) J
1+ d(panPn)d(pn+1vSpn)

k( pn, pn+1) = max

\d(Pn 4 1.5p)d(Pn 4 1.5Pn 4 . (

( d*(pn,Pn 4 1),d(Pn, Pn 4 1d(Pn 4 1.Pn 4 1) )
d? (py  1.Pn, 1)
— n 1rn 1/
(1+d (Pn+1lpn+1)) ,d (pn +1Pn 4 1)d(pn, Pn + 1
max r d* (pp, 1.Pn 1)
— — n, rn 17
25 [d(Pn, Pn + 1)d(pn. Pn + 2), (1+ d(Pn+1»Pn+1))
k d? (Pp.Pp , 2) ) J
1+ d(pnvpn+1)d(pn+1'pn+1)

+d(pn + 1Pn 4 1)d(pp + 1LPn 4 2), (

Now, using triangle inequality of b- metric space, taking limit as n = o and using Inequality (3.1.5) we have

< max{drzv 2_rs [dn d(Pn, Pn + 2) 0, 0.}

1
lognw K(pnopn 4 1) < max{l 35 [ 0+ 0,00 _p2 (51

Now taking limit as n = o in inequality (3.1.6) and using Inequality (8.1.7) we have
(1+1)k2< DI +k2-gk? <rk® + k2 - (k?)
Which gives @(k?) < 0, which implies thatk = 0.
Therefore,
limdy = lim d(pn,pn 4 1) = 0 (8-1.8)
Now , we show that {p,} is a cauchy sequence in Z. Let m,n € N;m > n, then d(pn’ Pm)<s{ d(pn' Pn 41 ) +d(pn +1Pm )
} <sd(pnPn41)+s*{ d(Pn 4 1 Pny2)+dPn 4 2,Pm)}
SSd(pn,pn_|_1)*52‘Jl(pn_|_l,lf’n_|_2)+53Ol(lf’n_|_2,1°n_|_3)+ ------------
=sdy +5%dpsq1 F55dnsn Foeeri
Taking limit n— oo and using Inequality (3.1.8) we get limy,,d( pn Pm ) =0
Hence {pp} is a cauchy sequence in Z. But Z is a complete b- matric srpace and therefore there exists some p€ Z
Such that limy, e py = p (3.1.9)
Now ,we prove that p is a fixed point of S.

Replacing q by py in inequality (3.1.1),we obtain

1 d? (pn,S
C1 -+ rd(p, p)T A2 (Sp,Spn) < T max {5 [d (p.Sp) d(@Pnsr) + d(p:SP) & (PaPns1) i1y qmnss Ty [ d(p.Sp) d(p.Pns1)
d? (p,pn+1)
d(PnsSP) + T a5 d(p.pii;(pmsw 1, d(p,Pn+1) d(Pn,SP) d(Pn,Pn+1) § + m (P, Pn) —o{m(p,pn)}

1 d? (pn,S
C1+1d(p, Pa)] d? (S, Pns) <rmax {5 [d? (pSp) d(q,Spa) + d(p.Sp) d* (Pn,SPn) ,ﬁl
d? (p,Spn)
C d(p.Sp) d (p.SPn) d(Pn,SP) + T35, T tpspy » (P:SPn) d(Pn,Sp) d(Pn.SPn) } + m (p,Pn) - ¢{m(p,pn)}
(8.1.10)
Where
d? (pp,S
d2(p, pn), d(p, SP)d(pn, SP) 1P
1 d? ( nSp)
k(p, pn) = max{ d(ps, Sp)d(p,Sp), - [d(p,Sp)d(p, Spy), (#p;’p)) +
d2 (p,Spn
d(pn, Sp)d(pn, Spn), (1+ d(p,(Spp)I(]pj.Sp))] )
d? (pn.S
¢2(p, pa), d(p, SP)A(pn, SP) 7 gens  d(pn, SPA(P, SP), |
1 d? (pp,S
k(p, pn) = maxq 2= [d(p, SP)A(p, Pn+1), (ﬁpg)) + d(pn, Sp)d(pn, Spn)
( d® (P.Pn+1) )]

1+ d(p,Sp)(Pn,SP)

Now taking limit as n— 00 and using Inequality (3.1.8) and Inequality (3.1.9) we get
1My o K(P, Pn) = max{0,00 - [0,0+ 0,0]} =0 (3.1.11)
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Now taking limit as n— 00 and using Inequality (8.1.10) and Inequality (8.1.11) we have
1 +07d? (Sp,p) ngax {% [0+0,0, L0+ 07,0} +0 -@(0) =0
This implies that d? (Sp,p) < 0. Thus d? (Sp,p) = 0 and consequently, d(Sp,p) = 0

Thus Sp =p
Uniqueness: Let p and q be two fixed points of S.Then by using Sp = p and Sq = q ,inequality(1)
Reduces to
2 <r 109 2 d* (q,p) d? (p.g)

[1+rd(pg)]d” (p,q) < gmax {7 [d° (pp) d(a,) + d(pp) 4 (9.9) ;g oy L APP) d () d(@p) +go2SeT, d(pa) d(g,p)
d(q,q) } +m (p, q) - @{m(p, q)} (8.1.12)

Where

d” (q,p) 1 d? (a.p) d? (p.9)

K(p.a)=max{d2(p, @), d(p, P)A(A, P) 1 g, d(a, PP, P), 52 [4(p, P)A(P, ) (Fgis) + d(a,P)d(a, ), (o=}
k(p,q) = max { d*(p,q),0,0,d*(p, q), 0}
=d*(p,q)

So Inequality (8.1.12) becomes

C1+rd(p,a)]d? (p,q) < Imax {0,0,0} +d(p,q) - @{d*(p,q)}
rd® (p@) < - o{d*(p.a)

rd® (@) + @d*(p.q) <o,

Which is only possible when d?(p,q) = 0.

This implies that p = q .

Hence S has a unique fixed point.

Now we furnish an example that shows the existence of a unique fixed point for a self map in complete b-metric space Z( Z is not a
metric space as shown in example 2.3)

Corollary 3.3
Let (Z, d, s) be a complete b- metric space and S be a self —map of Z satisfying
d?(Sp,Sq) < m(p.q) — @(m(p, ) ,
1
where M(p, q) = max {d?(p,q).d(p, Sp) d(q, Sq).d(p, Sq)d(q, Sp).5; [ d(p.Sq)d(p.Sq)+ d(q,Sp)d(q.Sq)1}
R = 0 is a real number and ¢ :[0,00 ) = [0, ,00) is a continuous function with @(t) = 0 if and only if t = 0 and @(t) > 0 for each t
> 0. Then S has a unique fixed points in Z.

Now we extend theorem 3.1 by finding a common fixed points result for two self maps using generalized ¢ — weak cotractive
condition with cubic term involving r in the setting of b-metric space.

Theorem 3.2 : Let (Z, d, s) be a complete b- metric space and L, M self maps of Z such that M(Z) < L(Z) and the pair {L,M} is
weakly compatible. Also,

1 d? (Lg,Mp)
[1+ rd(Lp.La)] d* (Mp,Mq) < max {3 [d* (Lp, Lp) d(La, Ma) + d(Lp, Mp) d (L, Ma) 55857, d(Lp.Mp) d (Lp, Ma)

d? (Lp,Mq)

d(La, Mp) +17 d(Lp,Mq)(Lq,Mp)

‘Where

71, d(Lp, Mq) d(Lq, Mp) d(Lq, Mq) } + m (Lp, Lq) —¢@{m(Lp,L q)} (8.2.1)

d? (LgM
d2(Lp, La), d(Lp, Mp)d(Lq, Mp) ;g

1 d? (Lg,M
k(Lp, Lq) = max{ d(Lg,Mp)d(Lp,Mp), - [d(Lp, Mp)d(Lp, Mq), (ﬁ)+ :

d? (Lp,Mq)
d(Lg, Mp)d(Lg, Mq), (1+ Ao Mp) (Lq_Mp))]

)

r = 0 is areal number and and ¢ :[0,00 ) = [0, ,00) is a continuous function with @(t) = 0 if and only if t = 0 and @(t)> 0 for each
t> 0. Then L and M have a unique fixed points in Z.

Proof : Let pg be an arbitrary point in Z. Since M(Z) € 1(Z) . Therefore we can find some p; such that Mpy = Lp; =q; .

We define a sequence {qn} in Z by q, = Mpy_1 =Lp,,n=0. (8.2.2)

For convenience, we write d(qp, qp+1) = dp (3.2.8)

First we show that {q,} is a monotonically decreasing sequence, i.e. dp4q < dy

Case 1: If n is odd. Take n = 2z-1 .We prove that dy, < dj,_1

Now taking p = p2;-1, q = gz in Inequality(8.2.1),we have

1
[1 + rd(Lp2z-1,1.q24)] d? (Mp2,-1,Mqy,) < Emax {; [dz (Lp2z-1,1p2z-1) d(L.d22,M0z;) + d(Lp2z-1,MpP2z-1) dZ(LQZz:MQZZ

dz (querpzz—l) dz (Lpzz—lquzz)
Tt Ao Mpar) J,0d(Lp2z-1,Mp2z-1) d(Lp2z-1,Md32z) d(Lg2;,Mp2,-1) 17 Ayt M) Ly Mpoa) 7, d(Lpzz-1,Mdzz)
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d(Lg22,Mp2;-1) d(Lq2;,Mqz;) } + m (Lpz,—1,1.42,) — @{m(Lp2,_1 , L q2,)}
‘Where

k(Lpzz—1,L.022)=

dz(Lp2z—1, Lq34), d(Lpzz—1, Mpaz—1)d(Lqz,, Mpy,—1)

d? (Lg22,Mp2z-1)
1+ AL Mpryy) d(Lazz Mpa,—1)d(Lpzs—1, Mpa,-1),

1
max s [d(Lpaz-1,Mp2z-1)

d? (Lg2zMp2z-1)
d(Lpz,-1,Mqy,), (%) + d(Lqgzz Mp2,-1)

d? (Lp2z-1,MQz;)
d(Lqu, MqZZ)' (1+ d(Lp2z—1,MPzz—1)(Lsz,MPzz—ﬂ)

Now using Inequality (8.2.2) ,we get

1 d? (d22.P2z
[1 + rd(p2z-1,d22)] d? (P22, A2z41) < Emax { 2 [dz (P2z-1,P2z-1) d(d22:922+1) + d(P22z-1,P22) dz(pZZ’qZZ+1) y% L
d? (P2z-1.922+1)

|
T
1 d@zz—v‘]zzu)(‘lzz»pzz)

d(P22-1,P22) d (P22-1,922+1) d(d22,P27) I, d(P2z-1.92z+1) d(d22,P2z) d(d22,922+1) } + M (P2z-1,922) —

@{m(p2;-1,922)}
‘Where

1+ d(qz2,Mp2z)
1
k(Lp2z-1,1.q2,)= max d(d22, P22)d(P22-1,P22) » 7 [d(p22-1,P22)d(P22-1, A2241))

d? (d22,P22) d? (P2z-1,922+1) J
l(1+ d((lzz»pzz)) + d(qZZ; pZZ)d(qZZ' qu+1)! (1+ d(pzz—lrpzz)(QZZ‘pzz))]

d? (d22,P22)
dz(pZZ—quZZ)'d(pZZ—erZZ)d(qZZ’pZZ)L , l

Then

1
[1+rdp,—4]d3, < gmax {3 [0 +dp,—1 d5,, 01,00 +07,0} +m(Pry—1.027) — @{M(P2z—1,022)} (5.2.4)
Where

1

k(Lp2z-1,1.922) :max{d%z—ll 0,0, - [d2z-15(d2z—1 + do, )10:0]}
[By triangle Inequality of b- metric space ]
[fdy,—y <dg
Then
M(pzz-1,dzz ) < max {d3,, d3,,0d3,} =dj,
So Inequality(3.2.3) becomes
dZ, + rdz,d3, < max {3 [dyy d3, 000} —@{dZ,}
=r rde—ld%z + d%z - ‘P{d%z }
[dgz—l < d%z ’gives - (p{d%z } <- qj{d%z—l}]
Which gives dp; <dj,—

Case 2: If n is a even, taking n = 2z and putting p = p2,,q = daz41 in Inequality (3.1.1) and proceeding as above we can easily
obtain that dy,4q < dy,
Therefore {d,} Is a monotonically decreasing sequence of nonnegative real number. Now proceding as in 3.1 we can easily prove
that
limp,e d; = limy 0, d(qz, 9241 ) = 0 and {q;} is a Cauchy sequence in Z.
But Z is a complete b- metric space and therefore exists some q € Z such that
lim,,q, =q (3.2.5)
Since q € M(Z) € L(Z), therefore,there exist a point
v € Z such that q = Lv . Now we prove that Mv = q. For this replacing p by v and q by p, in inequality (3.2.1),

we obtain

+ rd(Lv, Lp,)] d? (Mv,Mp,) < Emax { % [d?(Lv,Lv) d(Lp;,Mp,) + d(Lv,Mv) d?(Lp,,Mp,)

d? (Lv,Mp,
At J d(Lv.Mp,) d(Lp,,Mv) d(Lp, Mp,)} +m(Lv.Lp,-p{m(Lv, L p,)} (5.2:6)

d? (Lp, Mv)

T+ d(Lp,MV) 7.0 d(Lv, Mv) d(Lv,

Mp,) d(Lp,,Mv) +

Where
k(Lv,Lp,)=
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d? (Lpz'MV)

1+ d(Lp,,Mv)
d? (Lp,,Mv) 5
1+ d(Lpz,Mv)) + d(Lpz: Mv)d(Lp,, Mp,),

( d? (Lv,Mp,) )]
1+ d(Lv,Mv)(Lp,Mv)

( d?(Lv, Lp,), d(Lv, Mv)d(Lp,, Mv) ,d(Lp,, Mv)d(Lv, Mv),]

max4 2—15 [d(Lv, Mv)d(Lv, Mp,), (

1 d? (q,M
[0+ 1d(0,0,)] 42 (MY, Q) < Tmax {5 [4%(0) d(02.041) + d@MY) d2(00.0001) g T d(@MY) d(0g41) d(d M)
d? (4,92+1)
T e D A(48z41) d(@2MY) d(Gz8z41) } + M (4.02) ~ @M, 62}
Where
d? (q,M
d(q,,), d(q, MV)d(a, Mv) 720

k(q,q;)= max d(q,, Mv)d(q, Mv), zis [d(q, Mv)d(q, 9z4+1),

d? (qz,Mv) d? (4.9z+1)
(1+ d(qz,MV)) + d(az Mv)d(dz dz+1), (1+ d(q,Mv)(qZ,Mv))]

Now taking limit as n— o0 and using Inequality (3.2.5), we get
d? (Mv,q) < Emax {0,0,0} + m(q,q;)
- {m(q,q,)}
where
K (q, qz) = max{ 0,0,0,0,0} =0
Therefore, K (q, q;) < 0, which gives ¢ = Mv
Hence Lv = q =Mv . Thus v is coincidence point of L and M . Now since {L,M}is weakly compatible, therefore LMv = MLv
Which gives Lq = Mq.
Now we claim that q is common fixed point of L and M. For this we replace p by v in Inequality(8.2.1)

. 2 T 12 mary N A2 d? (LgMv)
[1+rd(Lv,Lq)] d (Mv,Mq) < Smax { 2 [d* (Lv,Lv) d(Lq,Mq) + d(Lv,Mv) d* (Lq,Mq) Tr ey 7

d? (Lv,Mq)
Cd(Lv,Mv) d (Lv, Mq) d(Lq, Mv) +W‘;)(Eq.mw 7, d(Lv,Mq) d(Lq,Mv) d(Lq,Mq) } + m (Lv,Lq) —@{m(Lv,Lq)}
‘Where
( d?(Lv,Lq), d(Lv, Mv)d(Lg, Mv) -aMD_

1+ d(Lg,Mv)

k(Lv,Lq)= max d(Lg, Mv)d(Lv, Mv), [d(Lv Mv)d(Lv, Mq),

d? (LqMv) % (LvMq)
(1+ d(Lq,Mv)) + d(Lq, Mv)d(Lq, Maq), (1+ d(Lv,Mp)(Lq,Mv) J

Since Lv = q = Mv and Mq = Lq ,Therefore

1 d? (L,
[+ rd(q, L] @ (qLa) < Tmax {; [4* (qa) d(La La) + d(g, @) & (La, La) Srgeins 30 d(q) d (aLa) d(Laa)
d? (qLq) _
Hraatoeey & 4@ La) d(La, q) d(Lg, Lq) } +m (q.Lq) - ¢{m(q, L @)}
Where
k(q, Lq)=
2 d? (Lq,q)
max{d®(q, Lq), d(q, Dd(La, D gess
d? (Lg,q) d? (qLq)

d(La, d(a,a), 3: (40 DA La), (Fres) + d(La, DdlLa, Lo). (Famat—)l}
k(q,Lq)= max{dz(q, Lg),0, 0, Z [0,0 + 0,0]} =d?(q,Lq)
Therefore,

d? (g, Lq) +rd® (g Lg) << .0+d* (q,Lq)

-o{d* (g L) }

This implies that

rd® (q,Lq) + ¢{d? (q,Lq) } < 0, which gives d(q,Lq) = 0 and hence q =Lq = Mq .
Thus q is common fixed point of L and M.

Uniqueness: Let ¢ be a another common fixed point of L and M .Then using Inequality (3.2.1),

we have
2
[1+rd(Le, Lq)] d? (Mc,Mq) < Tmax {3 [d?(Le.Le) d(LqMaq) + d(Le,Mp) d?(La,Mq) % 1, [ d(LeMe) d (Le,Mq)
d? (Lc,Mq)
d(Lq,Mc) +m 7,d(Le,Mq) d(Lgq,Mc) d(Lq,Mq) } + m (Lc,Lq) — @{m(Lc, L q)} (3.2.7)
Where
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k(Le,Lq)= max{d?(Le, Lg), d(Le, M)d(Lg, Mc)% , d(Lg, MAd(Le, Mo), = [d(Le, MOd(Le, Mq),(%)
d? (Lc,Mq)
d(Lq' MC)d(Lq' Mq)' (1+ d(Lc,Mp)(Lq,Mc))]}
[1+ rd(eq)] &2 (c,q) < max {5 [ (e, ¢) d(q, )+ die, p) & (4, 6) i3 g apggy LA(E ©) d(L @) d(q, ©) +7 oot T dlc,
q) d(q, ¢) d(q, q) } + m(c, q) - @{m(c,q)} (3.2.8)
d2(c, ), d(c, )d(q,0) 7y, d(,)d(c, )

k(c, q)= max 1 & (ac &2 (¢

25 [d(c,d(c,q), (ﬁ;‘qz)) +d(q,9)d(q,q), (ﬁ)]
=d? (c.q)

Solving inequality (18),we have ¢ = q.

Consequently ,q is a unique common fixed point of L and M.

Now ,we given example in support of our theorem.

Conclusion:

In the present paper, firstly ,we have established a fixed point theorem using a generalized ¢ weak contractive condition
involving cubic terms of d(p,q) in the setting of b metric space and then we have generalized the results by finding a unique
common fixed point of two self mappings. The results proved in this paper generalized and extend various known existing results.
Further, some suitable examples are also given which show the generality of our proven results over the existing ones.
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